the Razumov-Stroganov conjecture [3] to the O(1)-loop model of percolation, see [4] for references.
This paper, which is a continuation of [5] , is devoted to a study of FPL configurations with four sets of nested arches. We shall assume the reader to have some familiarity with the ideas and techniques developed in [5] for the case of three sets of nested arches. In particular, with the notion that the boundary conditions force a certain number of edges to be occupied or empty ("fixed edges"), see also [2] for a precursor of this idea and [6] for a recent application to other types of FPL configurations.
Our aim is not only to get formulas as explicit as possible for the numbers of these FPL configurations, but also -and mainly-to see to what extent this problem is equivalent to the counting of tilings of certain domains of the triangular lattice, or in a dual picture, to that of dimer configurations on a certain graph. We shall consider FPL configurations with four sets of a, b, c and d nested arches and denote A n (a, b, c, d) their number, n = a + b + c + d being the total number of arches, see Fig. 1 . We recall Wieland's theorem [7] , which asserts that A n (a, b, c, d) depends only on the orbit of the FPL link pattern under the action of the dihedral group D 2n . Contrary to the simple case of 3 sets of arches [5] , but like in the more complicated case treated in [6] , we use this theorem to pick a particularly suitable representative of the orbit. 
From FPL to dimers to non intersecting lines

The octagonal domain of unfixed edges
Using the reflective and cyclic symmetries of the problem, A n (a, b, c, d) = A n (a, d, c, b) = A n (b, c, d, a), we may always assume that a ≥ c and b ≥ d. Let A, B, C, D denote the centers of the sets of nested arches, we assume they are in anticlockwise order. Because 2(a + b) ≥ n, A and B belong to different sides of the square. Then one uses the same procedure as in [2, 5] 
to fix edges in 45
o -cones of vertices A, B, C, D: outside these cones the occupied edges either form staircases (red edges on Fig.2 (i) ), or every second (blue) edge parallel to the external ones is occupied: we refer the reader to [5] for a discussion of the procedure. The unfixed edges then live either on the sides of rectangular 2 × 1 tiles, also called dominos, the inner sides of which are occupied, or inside a connected domain made of adjacent elementary squares. Because the latter squares appear as defects ("disclinations"
in the language of cristallography) in the tiling reinterpretation of the FPL, we try to make this domain as small as possible. The choice of a Wieland rotation which brings the diagonal lines emanating from A and C and those from B and D almost colinear, see Fig. 2 (ii), reduces this defect zone to a single elementary square (indicated by a star in Fig. 2 (i) and drawn in red in Fig. 2 (ii)). Thus The locations of the points A, B, C, D and of the small square are determined by the data given in Fig. 2 . We refer to this pattern of unfixed edges as the domino grid O, to the sites which belong to a single fixed edge as active, and to the elementary square as the central square.
The figure depicts the generic situation when both differences a − c and b − d are greater than 0. This includes the cases where one or/and the other equals 1, and where the octagon loses some side(s) and acquires right angles. Given this set of fixed edges, an FPL configuration is determined by an appropriate choice of dimers, i.e., of pairings, between the active sites, realizing the desired connectivity pattern. In particular, there are two special configurations, that we call the "empty"
and the "full" ones. These configurations are obtained by dividing the domain O into subdomains and choosing the dimers as indicated in Fig. 4 .
Thus to any FPL configuration corresponds a dimer configuration. This correspondence between the set of FPL configurations of type (a, b, c, d) and the set of dimer configurations on O cannot, however, be one-to-one. Indeed it is clear from our discussion that the domino grid is common to all FPL types (a + p, Fig. 2 where the effect of (a,
This is obvious in
to shift the boundaries between the different sets of nested arches (the broken black lines in Fig.2 (i) ), while preserving the points A, B, C, D, the shape of the octagon, the domino grid and the location of the central square.
To distinguish dimer configurations pertaining to different p's, we now introduce a new feature, made of non intersecting lines.
Tilings and de Bruijn lines
At this stage we find it useful to introduce the dual picture, where one constructs a triangle around each active site. The central square is also triangulated by four triangles.
One gets an octagonal picture O ′ which is depicted in a+d-1 (ii) (i) close to them. Below, we shall slightly modify them, in a way depending on the tiling at hand, so as to prevent them from intersecting the tiles.) Any FPL configuration yields a pairing between triangles sharing an edge, hence a tiling of the octagon by means of the tiles depicted in For a particular (a, b, c, d), we have to find a refined characterization of the tiling configurations. We do this by means of an alternative representation by systems of non intersecting lines, also known as de Bruijn curves [8, 9] . As noted above, the external endpoint of L is the center of the set of c FPL nested arches.
It is clear that these arches must cross either L or its prolongation across the central square.
Let us show that they cross L and that they are in one-to one correspondence with the c or 
This corollary implies a sum rule on numbers of FPL configurations in terms of that of dimers
of which we shall present examples in sect. 2.3. 
3. In view of this ergodicity, we may now reconsider the two special configurations, "empty"
and "full", depicted in Fig. 4 4. Note that the tiling problem we have to deal with is reminiscent of but not identical to the problem treated in [9] , namely that of a centro-symmetric octagon by six species of tiles.
Counting configurations.
In this section, we use the bijection of Theorem 1 to actually count the numbers of FPL configurations of type (a, b, c, d). 
A fermionic formula for path counting
In this section we recall the so-called Lindström-Gessel-Viennot [11] formula for counting the number N (A 1 , A 2 , ..., A N |E 1 , E 2 , ..., E N ) of non-intersecting paths from a set of points A 1 , A 2 , ..., A N to a set of points E 1 , E 2 , ..., E N of the square lattice, such that only elementary steps to the right and to the top are allowed. Let P (A i , E j ) denote the number of paths from the point A i to the point E j with these only allowed elementary steps, then we have (see [11] and further references in [12] ) 
2)
The matrix element M i,j counts generically the number of paths between the i-th entry point counted from bottom to top (in light blue in Fig.14) and the j-th exit, counted from top to bottom on the upper part of the cut (in yellow in Fig.14) . To take into account the missing mirrors of the points on the lower part of the cut (filled black dots in Fig.14 
and finally
This formula is very explicit if not too easy to manipulate. We have been able to drastically simplify it in a few cases. 
This follows from a double expansion of det M(m 1 , m 2 ) with respect to the two added columns.
Both expressions yield pretty explicit formulas for N (a, b, 1, d) and N (a, b, 2, d).
FPL and dimer countings
According to the third remark of sect. 1.4 and eq. (1.1), it may be interesting to compute also the total number of dimers on the octagonal grid O. (1, 1, 1, 1) ).
In general, one constructs the graphs and their adjacency matrix by a recursive procedure of adding layers of dominos, as depicted in Fig. 16 .
One finds that the determinants D m , thus the numbers of dimers, are alternatingly perfect squares or doubles of perfect squares. This is a consequence of the 4-fold symmetry of the grid, as discussed in [14] . 
